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We have obtained the Vlasov equation and Boltzmann kinetic equation using the classical Hamil-
ton equation and Poisson bracket with Rindler Hamiltonian. We treat the whole Universe as a
statistical system with galaxies as the point particle constituents in large scale structure. Since the
collisions of galaxies are very rare phenomena, we assume that the gas with the constituents as point
galaxies satisfy Vlasov equation. Considering the astrophysical catastrophic event, e.g., the gener-
ation of gravity waves by the collisions of black holes in one of the galaxies, and further assuming
that when such a wave passes through the gas causes a kind of asymmetry in mass distribution. We
may call it a kind of polarization (of course there is no mass and anti-mass). This polarization of
mass distribution will further gives rise to gravitational permittivity or dielectric constant. We have
shown that the low frequency gravity waves will be absorbed, whereas the high frequency part will
pass through the gas of point galaxies. It is further noticed that the region in space with extremely
high gravitational field is transparent to gravity waves. In the other part of this work, using the
Boltzmann equation and replacing the collision term by the relaxation time approximation and fur-
ther assuming a small deviation from the equilibrium configuration of the stellar / galactic plasma
in Rindler space, we have obtained the kinetic coefficients. For the first time we have derived an
expression for the coefficient of gravitational flow. It has further been shown that in presence of
strong gravitational field all the kinetic coefficients become vanishingly small, so the matter behaves
like an ideal fluid, which may happen near the event horizon of black holes.
PACS numbers: 03.65.Ge,03.65.Pm,03.30.+p,04.20.-q
1. INTRODUCTION
Exactly like the Lorentz transformations of space time coordinates in the inertial system of frames, the Rindler
coordinate transformations are for the uniformly accelerated frame of references [1, 2]. The space-time geometrical
structure is called the Rindler space. From the references [3–10], it can very easily be shown that the Rindler coordinate
transformations are given by:
ct =
(
c2
α
+ x′
)
sinh
(
αt′
c
)
and
x =
(
c2
α
+ x′
)
cosh
(
αt′
c
)
(1)
Hence it is a matter of simple algebra to prove that the inverse transformations are given by:
ct′ =
c2
2α
ln
(
x+ ct
x− ct
)
and x′ = (x2 − (ct)2)1/2 −
c2
α
(2)
Here α indicates the uniform acceleration of the frame along positive x-direction. Hence it can very easily be shown
from eqns.(1) and (2) that the square of the four-line element changes from
ds2 = d(ct)2 − dx2 − dy2 − dz2 to
ds2 =
(
1 +
αx′
c2
)2
d(ct′)2 − dx′
2
− dy′
2
− dz′
2
(3)
where the former line element is in the Minkowski space, whereas the later one is in Rindler space. Hence the metric
in the Rindler space can be written as
gµν = diag
((
1 +
αx
c2
)
,−1,−1,−1
)
(4)
whereas in the Minkowski space-time we have the usual form
gµν = diag(+1,−1,−1,−1) (5)
2It is therefore quite obvious that the Rindler space is also flat. The only difference from the Minkowski space is that
the frame of the observer is moving with uniform acceleration. In 1 + 1-dimension, the Rindler metric is given by
gµν = diag
((
1 +
αx
c2
)
,−1
)
It has been noticed from the literature survey that the principle of equivalence plays an important role in obtaining
the Rindler coordinates in the uniformly accelerated frame of reference. According to this principle an accelerated
frame in absence of gravity is equivalent to a frame at rest in presence of gravity. Therefore in the present scenario,
α may also be treated to be the strength of constant gravitational field for a frame at rest.
Now from the relativistic dynamics of special theory of relativity, the action integral is given by [1]
S = −α0c
∫ b
a
ds ≡
∫ b
a
Ldt (6)
where α0 = −m0c and m0 is the rest mass of the particle and c is the speed of light in vacuum [1]. The Lagrangian
of the particle may be written as
L = −m0c
2
[(
1 +
αx
c2
)2
−
v2
c2
]1/2
(7)
where v is the component of three velocity along positive x-direction. Hence the component of three momentum of
the particle along positive x-direction is given by
p =
∂L
∂v
, or (8)
p =
m0v[(
1 + αxc2
)2
− v
2
c2
]1/2 (9)
Then from the definition, the Hamiltonian of the particle may be written as
H = pv − L or (10)
H = m0c
2
(
1 +
αx
c2
)(
1 +
p2
m20c
2
)1/2
(11)
Hence it can very easily be shown that in the non-relativistic approximation, the Hamiltonian is given by
H =
(
1 +
αx
c2
)( p2
2m0
+m0c
2
)
(11a)
In this study our intention is to show that the gravity waves and the electromagnetic waves behave differently in
presence of strong gravitational field. For the gravity waves, the refractive index will be real and constant, therefore
a plane gravity wave will travel in straight line without any deviation near the event horizon. Whereas it is well
established that there will be bending of electromagnetic waves near strong gravitational field. This bending can also
be explained by the variation of refractive index. One can show very easily (see [1, 11]) that the refractive index
increases towards the increasing gravitational field. It can also be shown that for the electromagnetic waves, gravity
behaves like a refracting medium with changing refractive index as the gravity changes in the free space. In the
second part of this investigation we have shown that in presence of strong gravitational field all the kinetic coefficients
become almost zero. Therefore a stellar plasma in presence of strong gravitational field will behave like an ideal fluid.
The manuscript is organized in the following manner: In the next section considering the whole universe to be a
statistical system, and further assuming that the galaxies are point objects in large scale structure, we have developed
a formalism to obtain the Vlasov equation satisfied by this point objects. With a harmonic type perturbation by
strong gravity waves, we have obtained the gravitational permittivity of the medium and studied its variation with
frequency and also with the strength of gravitational field. In section 3 we have obtained the kinetic coefficients for
a stellar plasma using the Boltzmann kinetic equation in Rindler space. To the best of our knowledge such studies
have not been done before.
32. VLASOV EQUATION IN RINDLER SPACE
We assume that the whole universe is a statistical system and in the large scale structure the galaxies are considered
to be the point particles, the constituents of this statistical system. Since the collision of galaxies is a very rare
phenomena, we may assume that these point structure galaxies satisfy Vlasov equation. We further assume that the
gas is in an average uniform gravitational field α. The space time geometry we have considered is the so called Rindler
space.
To obtain the Vlasov equation, we start with the well known Hamilton equation, given by
df
dt
=
∂f
∂t
+ {f,H} (12)
where distribution function f(x, p, t) is a function of space, time and momentum coordinates of the particle. Now
using the definition of Poisson bracket, we have
{f,H} = {f,H}x,p =
∂f
∂x
∂H
∂p
−
∂f
∂p
∂H
∂x
(13)
Therefore for the Rindler Hamiltonian H(x, p), given by eqn.(11), we have for the collision-less case (df/dt = 0),
∂f
∂t
− vβ(x)
(
1 +
p2
m20c
2
)−1/2
∂f
∂x
−m0α
(
1 +
p2
m20c
2
)1/2
∂f
∂p
= 0 (14)
This is the Vlasov equation in Rindler space satisfied by the galaxies assumed to be point particles in large scale
structure. We further assume that the average mass of the galaxies is m0 (see [12] for the electromagnetic case). Let
us now assume some kind of astrophysical catastrophic events, e.g., generation of very high energy gravity waves by
the collision of black holes in one of the point galaxies. The physical picture is that the gravity waves are coming out
from one of these point particles and falls on the collision-less plasma of galaxies. Although there are many harmonics
present in the gravity waves, we start with a monochromatic gravity waves and later investigate the interaction of
very low and very high frequency gravity waves on such collision-less plasma. We assume that such high intensity
gravity waves falling on this collision-less plasma causes some kind of polarization of mass distribution. This is of
course not exactly like the electrostatic case. It is the asymmetry of mass distribution of plasma particles caused by
the incident gravity waves. This polarization effect may be represented by the deviation of the distribution function
from its equilibrium configuration. We assume that the deviation is low enough, which we express mathematically as
the first order deviation from the equilibrium distribution, denoted by
f(x, p, t) = f0(p) + δf(x, p, t) (15)
where f0(p) is the equilibrium distribution, whereas δf(x, p, t) is small deviation from the equilibrium distribution
of mass points. The equilibrium distribution is assumed to be of Maxwellian type, and for the sake of simplicity we
assume non-relativistic scenario with the Hamiltonian given by eqn(11a). The Maxellian distribution of energy of the
mass points is given by
f0(p) = N0 exp

−β(x)
(
m0c
2 + p
2
2m0
)
kBT

 (16)
where N0 is a constant depends on the temperature of the system. Considering that the small perturbation is because
of monochromatic type gravity waves, we can write
δf(x, p, t) ∝ exp[i(kx− ωt)] (17)
On substituting in Vlasov equation (eqn.(14)) the distribution function f , which is a sum of f0, the equilibrium part
and δf , the small perturbation part, which are given by eqns.(16) and (17) respectively, we have
− iωδf + ikvβ(x)
(
1 +
p2
m20c
2
)−1/2
δf = m0α
(
1 +
p2
m20c
2
)1/2
∂f0
∂p
(18)
Hence
δf =
m0α
(
1 + p
2
m2
0
c2
)1/2
∂f0
∂p
i
[
kvβ(x)
(
1 + p
2
m2
0
c2
)
−1/2
− ω
] (19)
4where
β(x) = 1 +
αx
c2
(20)
Since the Rindler space is locally flat, we may use the results of standard classical electrodynamics and can write the
polarization equation for gravity in the following form
dP
dx
= δρ (21)
where δρ is the small change in matter density caused by the incident gravity waves or in other wards a small deviation
of mass distribution, given by
δρ = m0
∫
δfd3p (22)
Assuming that the polarization function of the mass deviation function P also varies harmonically and considering
the relation from the classical electrodynamics
P =
(ǫl − 1)α
4π
(23)
we have
ǫl = 1 +
4πm20
k
∫ (1 + p2
m2
0
c2
)1/2

 kvβ(x)(
1+ p
2
m2
0
c2
)
1/2 − ω


∂f0
∂p
d3P (24)
where ǫl may be assumed to be the gravitational permittivity or dielectric constant. Defining
z2 =
β(x)p2
2mkBT
and γ =
kBT
β(x)c2
(25)
we have
ǫl = 1 +
8πm20N
k2(kBTβ(x))1/2
exp(−m0/γ)
∫
∞
0
(γ2z5 + 2γz3 + z) exp(−z2)
γuz2 − z + u
(26)
where
u =
ω
(k(2kBNTβ(x))1/2
(27)
This is the general expression for the gravitational dielectric constant as a function of frequency and wave number of
the incident gravity wave. Now instead of going into all possible harmonics of the incident gravity waves, for the sake
of mathematical convenience, we consider two extreme regions. The high frequency range, when u≫ 1, we have
ǫl = 1 +A
∫
∞
0
(γ2z5 + 2γz3 + z) exp(−z2)
γuz2 − z + u)
dz (28)
where
A = −
8πNm20
k2(2kBβ(x))1/2
exp(−m0/γ)) (29)
On integrating over z, we get
ǫl = 1 + 2πiA
[
(1− 3γu2γ2u4)
γ2u4
+
2(1− γu2)
γu2
+ 1
]
exp
(
−
1− 2γu2 + (1− 4γu2)1/2
2γ2u2
)
(30)
5Now in the high frequency range, it is quite possible that the quantity within the square root in the exponential term
may become negative. Then the permittivity may be written as
ǫl = ǫ
(R)
l + ǫ
(I)
l (31)
where ǫ
(R)
l and ǫ
(I)
l are the real and imaginary components of the permittivity ǫl in the high frequency range and are
given by
ǫ
(R)
l = 1 + 2πA
[
(1− 3γu2γ2u4)
γ2u4
+
2(1− γu2)
γu2
+ 1
]
exp
(
−
1− 2γu2
2γ2u2
)
sin
[
(4γu2 − 1)1/2
2γ2u2
]
(32)
and
ǫ
(I)
l = 1+ 2πA
[
(1− 3γu2γ2u4)
γ2u4
+
2(1− γu2)
γu2
+ 1
]
exp
(
−
1− 2γu2
2γ2u2
)
cos
[
(4γu2 − 1)1/2
2γ2u2
]
(33)
respectively
In fig.(1) we have shown the variation of the ratio of real part of ǫl and A with the frequency of the radiation. It
has been observed from this figure that the real part becomes exactly one for the the large values of frequency. Since
A is independent of frequency, we may conclude that the gravitational dielectric constant of the medium for gravity
waves in this region is ∝ A. In fig.(2) we have shown the frequency dependence of the corresponding imaginary part
FIG. 1: The variation of the scaled real part of ǫl with frequency in the high frequence region
of permittivity. It is evident from this figure that the imaginary part becomes extremely small for the high value of
radiation frequency. Further, the actual value of the gravitational permittivity becomes exactly one, a real quantity
for high values of α. This is because as gravitational field α −→ ∞, the quantity γ −→ 0, then the exponential
term present in the expression for permittivity makes it exactly equal to one. Therefore we expect that the region
very close to the event horizon of a black hole, where the gravitational field is extremely high, is transparent for the
propagation of gravity waves. Therefore, there will be no gravitational bending of plane gravity waves near strongly
gravitating objects. On the other hand, it is well known that there are gravitational bending of electromagnetic waves
while pass through strong gravitational field. Further, it has been shown that free space behaves like a refracting
medium in presence of gravity [1, 11]. The Rindler space, which is locally flat also behaves like a refracting medium.
Further, it has been observed that since strong gravitational field makes the refracting index quite high, the speed of
light decreases with the increase in gravitational field. Of course the gravitational refractive index for optical waves
remains always real. On the other hand for gravity waves there is no such effect of strong gravitational field. The
6FIG. 2: The variation of the scaled imaginary part of ǫl with frequency in the high frequence region
physical reason behind such non-interacting nature of gravity waves and strong gravitational field is as follows: It
is well known that the propagation of gravity waves is the fluctuation of space-time coordinates at different points
from their flat configuration. It is also well established that the distortion of space-time geometry near a strongly
gravitating object is quite high and since in this case during the propagation of gravity wave, where the space time
fluctuation effect is negligibly small compared to such strong distortion of space-time geometry, we may conclude that
there is almost no interaction of gravity waves with the gravitational field of strongly gravitating objects.
We next consider the low frequency gravity waves, i.e., u≪ 1. In this case the permittivity becomes
ǫl = ǫ
(R)
l + iǫ
(I)
l (34)
where the real part is given by
ǫ
(R)
l = 1 (35)
and is independent of frequency. Therefore it is always unity. The corresponding imaginary part is given by
ǫ
(I)
l = 2πA[−2γ
2u6 + γ2u5 + (5γ2 − 14γ)u4 + 2γu3 + (16γ − 34)u2
+ u+
(
4
γ
−
14
γ2
)
1
u2
+
(
1
γ2
−
2
γ3
)
1
u4
−
34
γ
+ 17] exp(−1/γ2u2) (36)
Since the real part of the permittivity in low frequency region is always one, we have plotted the variation of imaginary
part with frequency in fig.(3) for various values of γ. Here also we have actually plotted the ratio of the imaginary
part of permittivity and A. In this case the imaginary part saturates to the value ∼ 100 for relatively high frequency
range. Since the imaginary part is quite large, we expect that there will be reasonable amount of absorption of low
frequency radiation in the medium, i.e., in the plasma of point galaxies and the low frequency part of gravity waves
may not be possible to observe.
3. BOLTZMANN EQUATION FOR STELLAR PLASMA IN RINDLER SPACE
We next consider a collisional stellar plasma in Rindler space. We put the collision term by hand on the right hand
side of the Vlasov equation and is given by
∂f
∂t
− vβ(x)
(
1 +
p2
m20c
2
)−1/2
∂f
∂x
−m0α
(
1 +
p2
m20c
2
)1/2
∂f
∂p
= C[f ] (37)
7FIG. 3: The variation of the scaled imaginary part of ǫl with frequency in the low frequency region
This is the Boltzmann equation in Rindler space. Since it is not possible to evaluate the collision term from the cross
section of the elementary processes, we make relaxation time approximation, given by
C[f ] = −
f(x, p, t)− f0(p)
τ
(38)
where τ is the relaxation time and it is assumed that the system is very close to the equilibrium configuration.
The function f0(p) is the equilibrium distribution function. For the evaluation of kinetic coefficients, for the sake of
simplicity we assume that f0(p) is Maxwellian in nature and in the present scenario the equilibrium distribution is
given by
f0(p) = C exp
(
µ− ε(x, p) + V p
kBT
)
(39)
where µ ≡ µ(x, t), the local chemical potential, T ≡ T (x, t), the local temperature and V ≡ V (x, t), the local flow
velocity, which are also changing with time and the single particle energy in the non-relativistic approximation is
given by
ε(x, p) = β(x)
(
p2
2m0
+m0c
2
)
(40)
Here our intention is to obtain the kinetic coefficients of the stellar plasma in Rindler space. In doing so we proceed
as follows: Now keeping only the equilibrium distribution function on the left hand side of Boltzmann equation, we
have [
∂
∂t
+ vβ(x)
∂
∂x
−m0α(1 +
p2
2m20c
2
∂
∂p
]
f0(p) = C[f ] (41)
where C[f ] = −δf(x, p, t)/τ in linear approximation, where δf(x, p, t) is the small deviation of distribution function
from the equilibrium configuration. Then following Huang [13] for the usual version of Boltzmann equation and taking
into account
∂f0
∂ε
= −
f0
kBT
(42)
8we have
[(ε− h)β(x)
T
v
∂T
∂x
+m0β(x)uxuyζx,y +m0β(x)
(
1 +
p2
2m20c
2
)
αv
+ m0(1− β(x))v
∂v
∂t
−
ε− h+ TCp
Cv/kB
∂ux
∂x
] f0
kBT
= −
δf
τ
(43)
In the left hand side there are all possible driving forces, e.g., thermal conduction, viscous flow (both shear and bulk)
and flow under gravity. Here
ζxy =
1
2
(
∂ux
∂z
+
∂uz
∂x
)
(44)
is the shear tensor. The term with the driving force ∂ux/∂x represents the bulk viscosity. In our present study
we discard this term. Our next task is to obtain the three different types of transport coefficients, viz, thermal
conductivity, shear viscosity coefficient and coefficient of gravitational flow.
4. SHEAR VISCOSITY COEFFICIENT
To obtain the shear viscosity coefficient we consider only the driving force associated with shear flow. The relevant
form of the deviation of distribution function from its equilibrium structure is given by
δf = −
τ
kBT
m0β(x)(
1 + p
2
m2
0
c2
)uxuyζxy (45)
Now from the definition of viscus flow we can write down the relevant form for the expression of pressure tensor in
the following form
Πxy = n
∫
d3ppxvz(f0(p) + δf(x, p, t)) (46)
where n is the number density and the above equation basically indicates the momentum transfer along z-direction,
while the actual flow is along x-direction. Now it a matter of simple algebra to show that in the expression for
pressure tensor, the equilibrium part does not contribute. This is also evident from the physical nature of equilibrium
configuration. Therefore after integrating over momentum in the rest frame of the fluid element when u → v for all
the components and comparing with equation for viscous flow, given by
Πxy = −η
dux
dz
(47)
we have for the coefficient of shear viscosity
η =
nτkBT
β4(x)
exp
(
−
2m0c
2β(x)
kBT
)
(48)
It is obvious that for α = 0, i.e., in absence of gravitational field when β = 1, we get back the conventional result
in absence of external gravitational field, or in flat space-time. Whereas for ultra strong gravitational field, i.e., for
α −→∞ or β −→∞ the coefficient of viscosity becomes vanishingly small.
5. THERMAL CONDUCTIVITY
In this case the thermal current is given by
jxǫ =
∫
d3pεvxf(x, p, t) (49)
Again the equilibrium part does not contribute. Therefore we have
jxǫ =
∫
d3pεvxδf(x, p, t) (50)
9Further the relevant form of the deviation part of distribution function is given by
δf(x, p, t) =
τf0(p)
kBT
(ǫ − h)β(x)
T
u
dT
dx
(51)
Substituting this value in the thermal current and considering the standard definition of thermal current
jxǫ = −K
dT
dx
(52)
we have after integrating over momentum in the local rest frame
K =
nτ
4m0Tβ3/2(x)
exp
(
−
m0c
2β(x)
kBT
)
(53)
[
35k2BT
2
β(x)
+ 10kBTm0c
2 +
(
10kBT
β(x)
+m0c
2
)
(m0c
2β(x) −
5
2
kBT )
]
Exactly like the shear viscosity coefficient, the thermal conductivity also reduces to its standard form for β = 1 and
vanishes for large gravitational field.
6. COEFFICIENT OF GRAVITATIONAL FLOW
This is the first time such coefficient is obtained. We are the first to calculate this quantity. The relevant form of
Boltzmann equation in this case is given by[
n0(1− β(x))v
dv
dt
+m0β(x)
(
1 +
p2
2m20c
2
)
αv
]
f0(p)
kBT
= −
δf
τ
(54)
From the equation of motion we have
m0(1− β(x))v
dv
dt
= −m0(1 − β(x))
(
1 +
p2
2m0c2
)
αv (55)
Hence the deviation part of the distribution function may be written as
δf =
(1− 2β(x))m0τ
kBT
(
1 +
p2
2m20c ∗ 2
)
αv (56)
Now we may define the mass flow current under the influence of gravity in the following form
jm(x) = m0
∫
d3pvxf(x, p, t) (57)
Assuming again f(x, p, t) = f0(p) + δf(x, p, t) and since f0(p) does not contribute, we have
jm(x) = m0
∫
d3pvxδf(x, p, t) (58)
On substituting δf(x, p, t) in the above expression, integrating over momentum in the local rest frame and finally
from the analogy of charge current flow, we can write
jm(x) = σα (j = σE in the electrical case) (59)
we have the coefficient for the gravitational flow of mass
σ =
nτ(1 − 2β(x))
3c2β5/2
(
5kBT
2
+m0c
2
)
exp
(
−
m0c
2β(x)
kBT
)
(60)
Since (1 − 2β(x)) = −(1 + 2αxc2 ), a negative quantity, the coefficient of mass flow under gravity is also negative. The
physical reason for negative value is because unlike all other kind of flows, where current travels from high potential
to low potential region, the mass flow occurs from low gravity region to high gravity region. Further like all other
kinetic coefficients this particular kinetic coefficient also vanishes for high gravitational field. However, the formalism
to obtain this kinetic coefficient is not valid for zero gravitational field. Therefore the stellar matter in presence of
ultra strong gravitational field behaves like an ideal fluid. Which may occur at the vicinity of event horizon. This may
also be true if the matter is created near the event horizon of a black hole through Hawking radiation [14]. According
to principle of equivalence the uniform acceleration of the frame equivalent to a constant gravitational field of a rest
frame, then the radiation or material particles observed in quantum vacuum by the uniformly accelerated frame as
Unruh effect [15] will also behave like an ideal fluid.
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7. CONCLUSION
We have seen that in the high frequency region of gravity wave, the real part of gravitational permittivity converges
to unity at relatively higher frequency values, whereas the imaginary part becomes extremely small. We have also
observed that the actual value of the permittivity becomes exactly one, a real number for very high gravitational field,
which makes the medium transparent for gravity waves. On the other hand in the low frequency region, the real part
is always unity, whereas the imaginary part saturates to a value ∼ 100, which makes the medium strongly absorbing
in that frequency zone.
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